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SUMMARY

An analysis was made of heat transfer for flulds flowlng turbulently
at low Peclet mumbers irn smooth tubes. DPrevious anslyses for flow of
gases and liquid metals at low Peclet numbers gave higher heat-transfer
coefficients than were indicated experimentally. When the mixing-length
theory was modlfied in order to account for the heat transferred by
conduction to a turbulent particle as 1t moves transversely, the pre-
dicted results were brought into agreement with the experimental results.

INTRODUCTICH

Anslyses of heat transfer for liquild metals flowing turbulently in
smooth tubes (low Prandtl numbers) are given in references 1 and 2. The
predlcted heat-transfer coefficients from these analyses are considerably
higher than those determined in the experimental heat-transfer iInves-
tigations for mercury-and lead bismuth given in references 2 to 4. It
should be noted, however, that the experimental data were all obtained at
low Peclet numbers. If the analyticel and experimental resulits for flow
of gases are compared at low Peclet numbers, they are also found to be
in disagreement (references 5 and 6). These results indicate that the
eddy diffusivities for momentum and heat transfer cannot be considered
equal at low values of Peclet number. The fact that the eddy diffusivities
for heat and momentum transfer cannot be considered equal at low Peclet
numbers is also illustrated by the temperature distributlons given in
reference 5 where a conslderable separation of daeta wes noted at low
Peclet numbers. Aneslytical and experimentel iInvestigations of the
variation of the ratlo of eddy diffusivities for heat and momentum transfer
are glven in references 7 and 8. In an anslysis made at the NACA TLewis
leboratory, the heat transferred by conduction to a turbulent particle
as 1t moves transversely is considered so that the eddy diffusivity for
heat transfer is reduced to a value below that for momentum transfer.
Although a simplified theory is used in the asnalysis, it appears to be
sufficiently accurate for predicting heat transfer st low Peclet mumbers.
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ANATLYSTS

When turbulent flow exlsts in a tube, portions of the fluld move
gbout in random fashion. If heat transfer between the tube wall and
the fluld takes place, a tempersture gradient occurs across the tube
and some of the portions of the fluild move transversely Into regions of
different mean temperature. This motion produces heat transfer In
addition to the transfer that takes place by local molecular cond.uction.

In the usual mixing-length theory of turbulent heat transfer,
eddy or turbulent particle is assumed to originate from an instability
at a polnt in the fluld having the mean temperature of the fluid at the
point, to travel.transversely at constant temperature a distance of omne
mixing length, and then to mix with the f£luld and assume the average
temperature of the fluld at the point of mixing (reference 9). (In
the present discugsion, an eddy or turbulent particle is considered to
be a portion of fluld sll parts of which move with approximately the
same velocity.) For fluids having very high thermal conductivities,
such as liquid metals, however, heat 1s probably conducted to or from
the particle as it moves along 1lts path. This should elso occur for
fluids having low conductivities I1f the turbulence is low. 1In general,
this effect is tc be expected if the ratio of eddy diffusivity to thermal
diffusivity is small. Because the Peclet number ubD/(k/pch) is a

measure of the ratio of the average eddy diffusivity at a cross section
of the tube %o the thermal diffusivity, this effect should occur at low
Peclet numbers. (All symbols are defined in the appendix.) In the
following snalysis an attempt is made to account for the heat conducted
to or from a turbulent partlcle as 1t moves along its path. An anslysis
using somevhat the same general approach is given in reference 7, but
the .assumptions and results Adiffer from those of the present a.nalysis.
The assumptlons used in reference 7 required the eddy diffusivities for
heat and momentum transfer to be equal at e Prendtl number of 1, whereas
experimental evidence indicates that this 1s not always the case. In
the present analysis, the eddy diffusivity for heat transfer 1s lower
than the eddy diffusivity for momenttm transfer at low Peclet numbers
for a Prandtl number of 1.

Modified Mixing-Length Theory of Heat Transfer

In the following analysis, eddles are assumed to move transversely
in the tube between concentric cylindricel surfaces 1 and 2 which are
separated by the small dlstance 1, the average mixing length at a
particular radius in the tube. Eddles also move longitudinally but these
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should not affect the radial heat transfer. The eddles originste from an
instability at elther surface 1 or 2 and travel to the other surface where
they mix with the fluid. The mixIng might be caused by collisons between
eddies. . e . : -

Equation for turbulent heat transfer. ~ The case of heat transfer
from the tube wall to the rluld is considered herein. An eddy of fluid
originates at the outer surface 1 vhere it has the time aversge tepperature
of the fluid st surface 1 tq and arrives at surface 2 with the lower

temperature t,' where 1t mixes with the Pluid and asssumes the time
average temperature of the f\luii at surface 2 t3. In general, %y’
differs from t%; because of heav conducted out of the eddy between

surfaces 1 and 2. The heat transported from surface 1 to surface 2 by
the eddy is equal to the mass of the eddy multiplied by ch(tz'-'bz) .

The turbulent heat transfer per unit ares per unit time from surface 1
to surface 2 is then given by

4y = pEe Py (ty'-tp) (1)

where f 1s the fraction of surface Z on which the fluid in the eddies
mekes contact and v 1s the average velocity of this fluld toward sur-
face 2. Equation (1) can be written as

q = pgcpfva,('bl-tz') ‘ ' (2)
where
tg! - bp ’
v TR, - )

1 2
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Inasmich ag 1 1s assumed to be small, the temperature gradient dt/dy
is approximately congtent over 1 and ty - tz can be replaced by

-1 dt/dy. Equation (2) then becomes

qt = -pgcp(fvl) @ %;— (4)

4y = =pEcp € %’; (5)

where € is. the coefficient of eddy diffusivity, the value for which
depends on the amount and kind of turbulent mixing at a point (€a is
sometimes replaced by €, the eddy diffusivity for heat transfer).

Equation for turbulent shear stress. - With the use of the usual
assumption of—the mixing-length theory, that 1s, the component of the
veloclty of an eddy in the direction along the axis of the tube does not

change as the eddy moves between surfaces 1 and 2, the following equetion

for the turbulent shear stress is cobtalned:

T, = p(2vl) % (6)
or
T'b = P& % (7)

where the eddy diffusivities € in equations (5} and (7) are identical.
The assumption that they can be considered equal for fully developed flow
in tubes 1s further supported by the agreement between the analysis and
the experiment in the range of Peclet numbers where o equals 1
(reference 5):

Determination of o. - In order to obtaln a relation for o In
equation (5) as defined by equation (3), the value for t5' must be

determined. Let %' be the temperature of a point on the eddy at some
dlestance 8 from surface 1.

The heat trensfer per vnit area from the eddy at position s 1is
equal to h'(t' - t) where h' is the coefficlent of heat transfer .
between the eddy and the surrounding fluid. Imasmuch as the dimensioms
and veloclty of the eddy are small, the Reynolds number is small and
laminar heat transfer is assumed. Therefore,  h' i1s proportional to
k/B, where & 1s the film thickness or boundery layer assoclated with
the heat transfer from the eddy. Then the heat transferred from an eddy
at s in length ds is kp ds(t' - t)}/5 where p is the perimeter
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of the eddy. This heat transfer decresses the temperature of the eddy in
the direction s and can also be wrilitten as -pgcva‘(d.t'/ds)ds , Where

AT 1s the cross-sectional area of the eddy perpendicular to the
direction s. Equating these two expressions for heat transfer gives

%}" - pec];‘!;A's (8¢ - %) ®)

As before, dt/dy is considered constant over 1 80 that
dt
t =% +8 &8 : . (9}
-
Substitution of equation (92) in equation (8) and rearrangement gives

dat" xp -)., [ kp dt
- s +(pgc£-—vA'8)t —(m)(bl + E ) (10)

Equation (10) can be written as

at D D at
& t EPer ¥ = Iipe’ G’l I s) (1)

vhere Pe' is the Peclet nunber for the eddy. Equation (11) is a first
order linear differential equation in the varilsbles +t' &and s. The
solution of equation (11} with the initial condition that &' = %1

when 8 = 0 1is
_(A_P_.)s
dt _A'Pe! dt A'et at  \APE

tt =8 =— —_— =+t 12
TP HTRtT % (12)
For s.=1, t' = t3', and also %y - ty = - 1 dt/dy, then
()
t.' - % Ape!
2 2 A'Pe!
—_— = ———— - 3
, t - %, o T l1-e | (13)

In order to use equation (13), it is necessary to meke some
agsumptions concerning the quentlties p, A', and Pe'. The first
assumption made is that the dimensions of the eddy are proportional to
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the mixing length 1, or A" 18 proportional to pz_ which 1s pro-
portlonal to 12, An assumption must algso be made for Pe'. As a
first approximation, Pe' 1s assumed proportional tc Pe, the Peclet num-~
ber for the tube, and the results will be compared wlth experimental
results. Equation (13) becomes, by introduction of these assumptions,

=)

a@=bPe|ll-e (14)

wvhere b 1s & constant to be determined experimentally. Equation (14)
gives the desired relation for o to be substituted in equation (5).

Calculation of Russelt Number, Reynolds Numbers, and Peclet Number
for Uniform Heat Transfer and Uniform Fluid Properties

When the moleculsr shear stress is sdded to the turbulent shear
stress given by equation (7) and the moclecular heat transfer is added
to the turbulent heat transfer given by equation (5), the following
equaetions for shear stress and heat transfer per unit area are cbtained:

du

T=(u+pe)dy (15)

qa = - (k + pgepea) % ' (16)

where o 1s given by equation (14). The eddy diPfusivity € i1s obtained
from the following expressions which are experimentally verified in refer-
enceg 5 and 10:

¢ = n? uy : (17)

for flow close to the wall (y+<26) and the Kérmdn relation

€= K2 _(EL‘GL: . (18)
(a%u/ay?)

for flow at a distance from the wall (y*>26), where n and K are
experimental constants having the values 0.109 and. 0.36, respectively.

By integration of equation (15) for the region at s distance from the
wall with the viscous shear stress neglected, von Kérmén obtained, for
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uniform properties, the following dimensionless equation (reference 10):

— _
u+=%1’l-L++loge(—1/l--l:_- +C (19)
I'O I'O .

Equation (18) becomes, on substitution of the first and second derivetives
from equation (19),

+
e (I | Ry A (20)

for flow at a distance from the wall. For flow clase to the Wa]_‘L, equa-
tion (17) can be written in dimensionless form as

j;=n2uw+- I (21)

where the values of u™ are obtained from the generalized velocity dis~
tributions (constant fluld properties) given in reference 10. Values
of € from equations (20) and (21) are substituted into equation (16)
for obtaining temperature distributions. Equation (16) can be written
in dimensionless form as

sofordds @

The dimensionless quantities are defined In the iist of symbols. Edque-
tion (22) can be written in integral form for cslculating tempersture
distributions as

a/
toll - t" = __%__ d-y-' (25)
1+ o€ ' ’
Jo 2
where
¢ =€ .2 € (24)

T (v/p) Re

The expression for Re willl be glven in the sectlon Reynolds and .
Peclet numbers. An equation for gq/qp will be obtained in the following
section.
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Veriation of q/qo acrosgs tube. - The variation of heat transfer

per unit- area across the tube can be cbtalned by taking a heat balance
on an annulus of fluild having differentisl length dx, outeilde radius =,
and thickness dr. The heat added to the annuwlus must be equal to the
heat transferred into the amulus minus the heat tra.n.sferred. out of the
ennulus, or .

2wr dr pgucy -g—';i= 2xrq - 2x(r - dr)(q - dq)

or, neglecting higher order dlfferentials,
dat
d(rq) = pgucy, F= rar . (25)

If dt/dx is constant across the tube, as must be the case for a fully
developed temperature distribution with uniform heat transfer, the
following heat balance can be written for the cross section as a whole:

O pguC, ___- 2mroqq (28)

Dividing equation (25) by equation (26) gives

:—ar-:dr) (27)

2
Y 240

Replacing r by (r - y) and writing equation (27) in dimensionleas
form ylelds

+ _ gt
dEl"o* - v %} - 4ut _(’-li__l_) dy* (28)

e

Integrating gives

(r0+.- +)q/qo
d.[( R :I_ . J‘ +(r0 - vY) ayt
O+
or
+ vy
PR gt - ¥ art (29)
9% rot - P al Re(rg® - ¥y%) .

2538
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Equation (29) gives the desired relation which is to be substituted into
equation (23) for the variation of * qfqq across the tube.

Nusselt numbers. - The bulk temperature +t,, for comstent fluid
. properties is defined by

8e5e

T, = (30)‘

ur dr

Equation (30) can be written in dimersionless form as

. 1 .
j (to" - ") ut(1 - y')dy’
“ -b 23 - t " = O

] f ut(1l - y')dy’
o)
where t5" - t" is obtained from equation (23), but
0 b
therefore
— hD 2
=== - (33)
Reynolds and Peclet numbers. - The Reynolds number Re d1is given by
e P
Re = T = 2uy T, (34)
where u.b+ is gilven in reference 5 as
+
; To
+ 2 + oy o
Wt = — u (ro"' -y )ay (35)

- _ (r0+)
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The Peclet number is calculated from
= (Re)(Pr) (38)

Calculation of Nusgelt number as a functlon of Reynolds or Peclet
number and Prandtl number. -~ In the calculation of Nusselt number, the
values for ry" and Pr are to be assumed first. With the use of the
ut against y* curve from reference 10 (fig. 1), ub+ can be calculated’
from equation (35). Then Re can be calculated from equation (34) and
Pe from equation (36). The next step is to obtain ¢/(p/p) as a function
of y" from equations (20) and (21), and €' from equation (24). Then,
q/qo is obtained from equation (29) end y' from y' = y+/ro+ for each
value of y*. The quantity o can be calculated from equation (14). The
generalized temperature difference t3" ~ t" can then be calculated as
e function of y' from equation (23). With the temperature distribution
known, tg" - %" can be obtained from equation (31) and the Kusselt num-

ber from equation (33).

RESULTS AND DISCUSSION

Veristion of heat transfer per unlt ares across tube for uniform heat
transfer at surface. - The varlation of heat transfer per unit area with

yt for verious values of ro+ "is shown in figure 2. The curves indicate

that the heat transfer per unlt area varies nonlinesrly from a maximum
at a point near the wall to zerc at the tube center. For low values of

ro+, the meximim heat-transfer per unit area is attalned at a point
glightly removed from the wall rather than at the wall. This 1s because
the heat-transfer area decreases as the distence from the wall increases
and thus, even though the total heat transfer decreases as the distance
from the wall increases, the heat transfer per unit area increases
8lightly for some conditions.

Experimental determination of constant . bj; Nusselt numbers for gases. -
In order to calculate relations emong Russelt number, Reynolds or
Peclet mumber, and Prandtl number; it is necessary to determine exper-
imentally the constant b in equation (14). This constant is obtained
from experimental data for heat transfer to alr in reference 5 and plotted
in figure 3. Inasmuch a8 the data were obtained at high ratics of wall
to ftluld bulk temperasture, the temperature at which the fluid properties
in the Russelt end Reynclds numbers are evaluated is important, The data
indicate that, tror Reyrnolds numbers pelow 15,000, the best correlation
was obtained by evaluating the propertles at the bulk temperature; for
Reynolds numbers between 15,000 and 30,000, equally good correlation was

8g67
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was obtained by eveluating the properties at the bulk temperature or at-
tg.e Where 1t 4 = 0.4(%p.~ %) + t,; and for Reynolds numbers above

30,000, ‘the best correlation was obtained by evaluating the properties
at %g.4. Tn.figure S the _properties are evalusbed at the bulk tem-

perature for Reynolds numbers below 30,000 and at to 4 for Reynolds

numbers above 30,000. A justification for evaluating the properties at
the bulk temperature rather than at 1tg 4 ZTor the lower Reynold.s numbers

is Pound in reference 11, in vwhich it is shown that for laminar flow the
properties should be evalusted at a temperature between the bulk tem-
perature snd the temperature at the center of the tube. It would then
be expected that in the transition region the properties should be
evaluated at a temperabture between this temperature and to. 4

Predicted curveg from the analysis are included in figure 3. It 1s
spperent that for o = 1 . (dashed curve), the predicted Nusselt numbers

. at low Reynolds or Peclet numbers are too high, whereas the solid curve

for which o 1s celculated from equation (14) is in good agreement with
the experimentel results. The value of the consbant b :Ln equation (1a)
1s 0.000153 as determined from the experimental data.

Tn order for the enelysls to spply, the Reynolds number should be
well sbove the Reynolds numbers st which transition from laminar to tur-
bulent flow takes place. The velocity-distribution date for air (tig. 1) -
iIndicate no effect of transition for Reynol@s numbers as low as 8000. On
the other hand, -the tempersture-disitribution date for air from refer-
ence 5 indicate a considersble effect at that Reynolds number so that the
data In figure 3 at Reynolds numbers in the vicini'by of 10,000 should be
suitable for determining the constant «.

Liquid-metal heat transfer. - Predicted curves for Nusselt nuwmber
against Peclet mumber for a Prandtl number of (0.0l are shown 1in figure 4.
The curve for o =1 is substantially the same as those obtained in
references 1 and 2. The solid curve was obtailned by computing o =Drom
equation (14) where the value of 1(0.000153) was obtained from the data
for flow of alr in figure 2. Curves representing data for mercury (data
obtained from Musser and Page, reference 2) and leasd bismuth from refer-
ence 3, are also ghown. It is shown in reference 2 that for Prandtl mum-
bers beldw 0.1 the curve of Nusselt number against Peclet number 1s
practicaliy independent of Prandtl number so that the predicted curves
for Pr = 0.01 should be comparable to the data for mercury and lead ”
bismuth. Tt is apparent from figure ¢ there ls lmprovement in the
agreement between experimentally and analytically determined values !
vhen o 1s computed from equation (14) although there is considerasble
scatter in the data. Data at higher Peclet numbers, in the region where
the two predicted curves begin to merge, would be of value in order to
establish further the validity of the analysis. This data would indicate
whether or not ao. a.c'bua.lly approaches 1 at high Peclet number for liq_uid.
metals. .
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An empirical equation of the type given in reference 2 1is algo
plotted in figure 4. This equation is

Nu = 6.3 + 0.000222 (Pe)l-3 (37)

Equation (37) represents the predicted line witn o computed from equa-
tion (L&) with good accuracy for the range of Peclet numbers shown in
rigure 4.

2538

SUMMARY OF RESULTS

The followlng results. were obtalned from the anslytical Investigation
of turbulent heat transfer at low Peclet numbers:

1. The mixing-length theory was modified in order to include the
heat conducted to or from an eddy as 1t moves transversely. In order to
utilize the anslysis, a constant was determined experlmentally.

2. WVWhen the experimental constent was determined from a point on the
curve of Nusselt number for gases, the analytical results were brought into _
better agreement with the data for both gases and liquid metals at low e
Peclet numbers. ) -

Lewls FlLight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Chio .. .
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APPENDIX ~ SYMBOLS
crogs-sectional ares of eddy perpendicular to radisl direction, £t2
experimental constant
epngtant of integration

specific heat at constant pressure, Btu/lb (°F)

inside diameter of tube, £t

fraction of surface 1 or 2 on whichk eddles are arriving from the
other surface '

acceleration due to gravity, 52.2 ft/sec2

coefficient of heat transfer between wall and fluld, qo/ (to-tb) B
Btu/(sec) (££2) (°F)

coefficlent of heat transfer between eddy and fluid, Btu/(sec)(£t?)(°F)

thermal conductivity of fiuid, (Btu)(£t)/(sec)(£t7)(°F)

‘aversge mixing length at a partlcular radius, ft

Nusselt number, hD/k

experimental constant

Peclet number for tube, w, D/ [k/ (pgcpzl

Peclet number for eddy, vd/|k/ (pgcpﬂ
Prandtl number, cpgn/k '
perimeter of eddy, ft

total rate of heat transfer per unit area towerd tube center,
(Btu/(sec) (£t2)

rete of heat transfer per unit area toward tube center by turbulent
motion, Btu/(sec)(£t2)

total rate of heat transfer at wall toward btube center per unit
area, Btu/(sec)(£t%)

Reynolds number, puy,D/u
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radius, distance from tube axis, ft
ingide tube radius, £t

/o
distance toward tube center from surface 1 where eddy originates, ft

tube redius parsmeter, o

time average temperature at a point, oF ﬁ

wall tem@erature, op ”

0.4 (ty-ty) + b

time average tempersture_at surface 1, where edﬁy originates, Op

time average temperature at surface 2, vwhere eddy mixes with "
fluid, OF

temperature of & point on eddy a distance s from surface 1, °F )

temperature of eddy at surface 2, °F ‘ : : . S

bulk or average temperature at a cross section of tube, O

dimensionless temperature parameter, (k/qy rylt

dimensionless wall temperature parameter,'(k/qo rg)tg

dimensionless bulk temperature perameter, (k/qag ro)ty

time aversge axilal velocity at a point in fluid, ft/sec

bulk or average velocity at a cross section in tﬁbe, ft/sec

veloclty parameter, u \/;57;

bulk veloclty parameter, ub/y/;;7;

radial veloclty of eddy, ft/sec

distance from tube entrance, £t )

distence from tube wall, ft T T Lo

'A/T
wall distance parameter, O/p ¥

O
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yl’

v/ To
(t2‘ = tz)/(tl = t’z)) c/‘h
film thickness or thicknessg of boundary layer on eddy, ©t

coefficient of eddy difrusivity for momentum, £t2/sec

coefficient of eddy diffusivity for heat trensrer, ¥tZ/sec
e/ (v ro)

Karmen constent

absolute viscosity of fluid, (1b)(sec)/ft?

mess density, (1b)(sec?)/fu?

shear stress in fluid, 1b/ft2

turbulent shear stress in fluld, Ib/ft2

shear stress in fluld et wall, 1b/£t2
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